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g is some set of variational parameters and S
0
represents the action of some soluble theory. This trial action
is not determined by the method; however, an appropriate choice is usually suggested by the form of the theory under
consideration. The Æ-modied action can then be used to evaluate some desired physical quantity as a power series in
Æ (truncated at some nite order, N ), with Æ then set equal to 1 at the end of the calculation. We label this quantity
P
N
, noting that it will, in general, have a residual dependence on the f
i
g. The variational element is introduced by
xing these parameters according to some specied criterion. We shall use the principle of minimal sensitivity (PMS)
[10] whereby the f
i
















It is this order by order xing that allows for non-perturbative behaviour to emerge (the optimized variational pa-
rameters becoming functions of the order of truncation, and so being more correctly labelled by f
i
(N )g), and can
also provide for convergence of the expansion, two particularly desirable features.
II. THE CHARGED SCALAR FIELD AT FINITE TEMPERATURE

















This Lagrangian density has a well-known global U (1) gauge symmetry which leads to a conserved charge Q and an
associated chemical potential , so that the grand partition function is







Proceeding through the Hamiltonian form of the path integral for Z, in the imaginary-time formalism of nite-










where the Euclideanized action is (dropping the suÆx for future notational convenience)
S(; ) = S
F
(; ) + S
I
























































































(; ) represents those counterterms required to render the
model nite.














(; ) = S
Æ
F
(; ) + S
Æ
I

















































































































introducing the variational parameter 







. In subsequent sections we will
evaluate the thermal mass up to O(Æ
2
), using dimensional regularization to renormalize the theory. It is an important
point, raised in [6], that the arbitrary variational parameter  becomes a function of the bare parameters (which is
how non-perturbative behaviour arises in the LDE), so we must eliminate any divergences before we apply the PMS
optimization procedure. The renormalization procedure we use is identical to that of [6] and is based on [11]; we forgo
any detailed discussion of the cancelling of temperature-dependent divergences and any systematic calculation of the






, the details being essentially identical to those discussed in [6].
A. Calculating the thermal mass
We recall that the Feynman rules in frequency space in the presence of an overall charge are as follows:

























), and an arrow in the direction of momentum ow
2. Assign a factor  Æ to each vertex
3. Assign a factor Æ
2
to each insertion








5. There must be conservation of charge at each vertex, i. e. the number of arrows entering a vertex must be the
same as the number leaving












evaluated on-shell, i.e. i!
n
= 
   ;p = 0, where  is the thermal self-energy. This choice of four-momentum is
discussed in the Appendix, where the setting-sun diagram is calculated, the only momentum-dependent contribution
to  up to O(Æ
2
).
B. The thermal mass at rst order
1 2
FIG. 1. Diagrams contributing at O(Æ)
















































































is the Bose-Einstein distribution function in the presence of a non-zero chemical potential. The Matsubara propagator
















The contribution of 
Æ
2





















































































































  ry)   1
#
; (22)
where x = k, y = 
 and r = =
. Using the minimal subtraction scheme (MS) we can eliminate the divergent














































+    ; (24)






































In this and all subsequent calculations we neglect terms of O(1=T ).
C. The thermal mass at second order
3 4 521






) there are ve diagrams (shown in Fig. 2) which provide corrections to the self-energy. We begin by



































The next two diagrams are constructed using mass and vertex counterterms to give O(Æ
2
) diagrams that eliminate

























































































































































































































































































































































Finally, we have the momentum-dependent setting sun diagram, which we evaluate with the Euclidean self-energy









































































































































































































The divergent parts of these diagrams can all be eliminated by a suitable choice of the counterterm in Eq. (13). As
mentioned above, we use the minimal subtraction prescription.
III. RESULTS
Having obtained an expression for the renormalized thermal mass, we can set Æ = 1 and obtain numerical results
for this mass, m
2
T;













At O(Æ),  does not depend on the coupling and so does not generate non-perturbative information, but non-
perturbative behaviour emerges at O(Æ
2









FIG. 3. Dependence of the thermal mass squared on the variational parameter . All masses measured in units of M .
It will be of particular interest to study the  dependence of the critical temperature T
c
, the signal for the phase











() (with dependence on the








;  = 0:5 in a region of the (T; ) plane, with the thicker line indicating the critical temperature.
Below this line the LDE breaks down - the thermal mass being a monotonically decreasing function of  and thus
lacking extrema.
















axes are in units of M .
In Fig. 5 we present a comparison of T
c











provided by perturbation theory in the high temperature limit [7].
6












;  = 0:5, with both axes in units of M . The
dotted line indicates the rst-order approximation given by Eq. (32).
The two curves are quite similar in shape, and converge at large T
c
. The reason for this behaviour is that in the






, which is equivalent to r
2
! 1. Examining those contributions from

4




) terms to disappear, which is
exactly the same condition as (32).
Fig. 6 illustrates the high-T behaviour of the second-order approximation to the thermal mass, with =T
c
approach-
ing a constant as T
c
increases; the constant being determined from (32) to be
p
(=12).



















in units of M .
IV. CONCLUSIONS
In this paper we have shown how the problem of nite chemical potential for a charged scalar theory can be
formulated in the context of the linear delta expansion. The graphs to be evaluated are essentially those of ordinary
7
perturbation theory, with modied mass and coupling parameters. The chemical potential appears explicitly in the
Lagrangian, and also in the Bose-Einstein factors occurring in the momentum integrals. Renormalization has been
implemented on the lines of Ref. [6], where the importance of renormalizing before applying the variational aspect of
the method was emphasized. We obtain unambiguous PMS points, as illustrated in Fig. 3.
The results have been plotted in Fig. 4 as a contour plot of the thermal mass in the (T; ) plane, and in Fig. 5 as
T
c
versus  for given values of m
2
; . This latter curve approaches the result of resummed perturbation theory at
high temperature, but diers signicantly from it at lower temperatures. The reason for the convergence at higher
temperatures can be understood in terms of the properties of the stationary points in the variational parameter .
As emphasized in the introduction, the problem of a non-zero chemical potential is not amenable to treatment by
the usual Monte-Carlo lattice method. A lattice version of the present calculation is in progress.
An extension of the present work which we intend to pursue in the near future is to free it from the dependence
on the high temperature expansion, thereby enabling us to consider a system with non-zero chemical potential at low
temperature.
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FIG. 7. The two-loop momentum-dependent diagram
In this appendix we will derive in some detail the expression for the two-loop setting sun diagram. We begin
by mimicking the approach of Parwani [2] to split up the diagram into three parts; containing zero, one and two









































where d = 4   2 is the space-time dimension and r = p   k   q. If we now use the mixed representation of the































































































































































































































































































































































































We choose to evaluate the self-energy on shell (p = 0; i!
n
= 
   ). The reason we evaluate at this point rather
than at p = 0; i!
n
= 









Q rather than the real Hamiltonian,
^




 for the real Hamiltonian, which means evaluating at i!
n
= 
  in the eective theory. Following




























































































represents that part of G
1
with an associated BE factor of n

k
respectively, and decomposing this factor



















































































































































where the subscript  refers to the !
kq

































































































Finally, we consider the contribution from G
2

























































































































































































































Each of the H

pieces has a logarithmic IR divergence as 
 ! 0. To deal with this, we extract the leading order











































































Collecting those terms involving the ln 2 piece alone, which we can take outside the integral, we calculate the coeÆcient
of this term in the high-temperature limit a  



















The remainder of <[G
2
(










































































































) gives, after using the symmetry of the integrand under k $ q to
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The second approximation in (A29) is strictly valid only for jaj  1; however, its validity is assured by the convergence of
the resulting integral and has been checked numerically.
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